in Process Supply Chain Design with
Multi-Echelon Stochastic Inventory

Fengqi You and Ignacio E. Grossmann
Dept. of Chemical Engineering, Carnegie Mellon University, Pittsburgh, PA 15213

DOI 10.1002/aic.12244
Published online May 26, 2010 in Wiley Online Library (wileyonlinelibrary.com).

This article is concerned with the optimal design of multi-echelon process supply chains
(PSCs) under economic and responsive criteria with considerations of inventory manage-
ment and demand uncertainty. The multi-echelon inventory systems are modeled with the
guaranteed service approach to handle the uncertain demands at each echelon. The maxi-
mum guaranteed service time of the last echelon of the PSC is proposed as a measure of a
PSC’s responsiveness. The problem is formulated as a bi-criterion mixed-integer nonlin-
ear program (MINLP) with the objectives of minimizing the annualized cost (economic
objective) and minimizing the maximum guaranteed service times of the markets (respon-
siveness objective). The model simultaneously predicts the optimal network structure,
transportation amounts, and inventory levels under different specifications of the PSC
responsiveness. An example on acetic acid supply chain is presented to illustrate the appli-
cation of the proposed model and to comprehensively compare different measures of PSC
responsiveness. © 2010 American Institute of Chemical Engineers AIChE J, 57: 178-192, 2011
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Introduction

Because of the pressures from global competition, respon-
siveness is becoming a critical issue for the success of pro-
cess supply chains (PSCs) since it allows chemical compa-
nies to achieve the best performance in the global market-
place.l_5 Quick response enables supply chains to meet the
customer demands with short lead times, and to synchronize
the supply to meet the peaks and troughs of demand.® A
major concern for chemical process companies has become
how to effectively leverage the PSC design and operation to
quickly satisfy the customer demands and achieve profitabil-
ity.7’8 This challenge requires addressing the optimal design
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and development of “responsive” PSCs with effective inven-
tory management to deal with the demand uncertainty.”~!!
You and Grossmann® have recently addressed this problem
with a bi-criterion optimization framework by considering the
optimal PSC design and operation under responsive and eco-
nomic criteria. In their work, the economic criterion is meas-
ured by the net present value, whereas the criterion for
responsiveness is measured by the lead time or expected lead
time (ELT), which accounts for transportation times, resi-
dence times, cyclic schedules in multiproduct plants, and
safety stocks in the distribution centers (DCs). Although the
definition of the ELT integrates PSC responsiveness with
safety stocks in DCs by using a probabilistic model for stock-
out, that model*® was restricted to a single stage inventory
model. The extension to multi-echelon inventory systems is
nontrivial and, therefore, it is addressed in this article.

We consider the optimal design of multi-echelon PSCs
and the associated inventory systems under demand
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Figure 1. Inventory system controlled by base stock policy.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

uncertainty with considerations of economic performance
and supply chain responsiveness. The guaranteed service
approachn*20 is used to model the multi-echelon stochastic
inventory system in the PSC. Furthermore, the maximum of
the guaranteed service times over all the markets (last echelon
of the PSCs) is proposed as a quantitative measure of the
responsiveness of the PSCs. For the case of a PSC with fixed
network structure, this measure is compared with the ELT
proposed by You and Grossmann.” We incorporate the pro-
posed responsiveness measure into the joint multi-echelon
supply chain design and inventory management model,?® and
formulate the problem as a bi-criterion mixed-integer nonlin-
ear programming (MINLP) model with the objectives of mini-
mizing the annualized cost (economic objective) and minimiz-
ing the maximum guaranteed service times of the markets
(responsiveness objective). The model simultaneously deter-
mines the optimal network structure, transportation amounts,
and inventory levels for different levels of responsiveness of
the PSC. An example for a specialty chemical supply chain is
presented to illustrate the application of the proposed model.

The rest of this article is organized as follows. In the next
section, we propose our new measure for PSC responsive-
ness and compare it with the ELT for a PSC with a fixed
design. A formal problem statement is given in the “Prob-
lem Statement” section. We present a multi-objective
MINLP model for this problem in the “Bi-Criterion MINLP
model” section. In the “Acetic Acid Supply Chain Exam-
ple” section, we consider an illustrative example on acetic
acid supply chain, and compare different measures of
responsiveness for the PSC design problem. The last section
concludes this article.

Guaranteed Service Time and PSC
Responsiveness

Our proposed measure for PSC responsiveness is the max-
imum guaranteed service time of the last echelon of PSCs.
This measure is integrated with multi-echelon inventory con-
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trol and uncertain demands. We first discuss the guaranteed
service approach and then introduce the concepts for PSC
responsiveness.

Multi-echelon stochastic inventory model: Guaranteed
service approach

In this section, we briefly review some inventory manage-
ment models that are related to the problem addressed in
this work. Detailed discussion on these models are given in
our previous work,?*?! as well as in Zipkin22 and in Graves
and Willem.'”'®

For an inventory system controlled by base stock policy
under demand uncertainty, the total inventory cost includes
safety stock cost and pipeline inventory cost (Figure 1). The
accepted practice in this field is to assume a normal distribu-
tion of the demand, although of course other distribution
functions can be specified. If the demand rate at each unit of
time is normally distributed with mean u and standard devia-
tion o, the total demand over review period p and the replen-
ishment lead time / is also normally distributed with mean
w(p + 1) and standard deviation a+/p + /. It is convenient to
measure safety stock in terms of the number of standard
deviations of demand, denoted as safety stock factor, A.
Then, the optimal base stock level is given by:

S=ulp+0)+ioy/p+1 (1)

We should note that if o is the Type I service level (the
probability that the total inventory on hand is more than
the demand), the safety stock factor A corresponds to the
a-quantile of the standard normal deviate of the service
level, that is, Pr(x < A) = a.

In Eq. 1, the safety stock factor A and uncertain demand
rate (mean u and standard deviation o) are usually given pa-
rameters, or else they can be easily inferred. Thus, as long
as we can quantify lead time /, the optimal base stock level
can be obtained. For single stage inventory system, lead

DOI 10.1002/aic 179



time, which may include material handling time and transpor-
tation time, is exogenous and generally can be treated as a
constant. However, for a multi-echelon inventory system, lead
time of a downstream node depends on its uncertain demand
and upstream node’s inventory level, and thus the lead time
and internal service level are stochastic. The guaranteed serv-
ice approach'*'”?* can address this issue by modeling the
entire system in an approximate way and allows a planner to
make strategic and tactical decisions without the need of
approximating portions of the system that are not captured by
a simplified topological representation.

The main idea of the guaranteed service approach is that
each node j in the multi-echelon inventory system quotes a
guaranteed service time T;, by which this node will satisfy
all the demands from its downstream nodes. That is, the
demand at time ¢ must be ready to be shipped by time ¢ +
T;. The guaranteed service times for internal customers are
decision variables to be optimized, whereas the guaranteed
service time for the nodes at the last echelon (facing external
customers) is an exogenous input. Besides the guaranteed
service time, we consider that each node j has a given deter-
ministic order processing time, #;, which is independent of
the order size. The order processing time, which includes
material handling time, transportation time, and review pe-
riod, represents the time from all the inputs that are available
until the outputs are ready to serve the demand. The net lead
time of node j(NLT),) is the time span over which safety
stock coverage against demand variations is necessary, and it
is given by the guaranteed service time 7; of its direct prede-
cessor node 7 plus its processing time #; minus the guaranteed
service time of node j.13 Therefore, we can calculate the net
lead time with the following formula:

NLTj:T,'-I-tj—]} 2)

where node i is the direct predecessor of node j.

In the guaranteed service approach each node in the
multi-echelon inventory system is assumed to operate under
a periodic review base stock policy with a common review
period. Furthermore, demand over any time interval is also
assumed to be bounded with an associated safety stock fac-
tor ij_zo This yields the base stock level at node j:

Sj = ,ujNLTj + ;Liaj\/NLTj (3)

This formula is similar but slightly different from the sin-
gle stage inventory model (1) in terms of the expression for
the lead time. Note that the review period has been taken
into account as part of the processing time and considered in
the net lead time.

With the guaranteed service approach, the total inventory
cost consists of safety stock cost and pipeline inventory cost.
The safety stock of node j(SS)) is given by the following for-
mula as discussed above.

SS]‘ = /]ij'j\ / NLTj (4)

The expected pipeline inventory is the sum of expected on
hand and on-order inventories. On the basis of Little’s law,**
the expected pipeline inventory PI; of node j equals to the
mean demand over the processing time, and is given by:
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Figure 2. Conceptual relationship between PSC
responsiveness and maximum guaranteed
service time of the last echelon.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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which is not affected by the guaranteed service time decisions.

Measures for PSC responsiveness

A major goal of this article is to develop a quantitative
measure for PSC responsiveness in multi-echelon inventory
systems under demand uncertainty. Responsiveness is
defined as the ability of a PSC to respond rapidly to the
changes of demand.”>?® In our previous works,*” we consid-
ered lead time, which is the time of a PSC network to
respond to external demands, as the measure of PSC respon-
siveness. Specifically, we used first the worst case lead
time,* corresponding to the response time when there are
zero inventories as the measure of responsiveness under
deterministic demand. For the case of uncertain demand, we
used the ELT® as the measure of responsiveness. Although
both measures capture the properties of PSC responsiveness
and are integrated with safety stocks, they can not be readily
extended to the case of the multi-echelon stochastic inven-
tory of the PSCs.

In this article, we propose the maximum guaranteed serv-
ice time quoted by the last echelon of a PSC (e.g., markets)
to its external demand as a quantitative measure of PSC
responsiveness. This service time of a market is the maxi-
mum time that all the demand of this market will be satis-
fied. If a PSC has more than one market, and each market &
has a guaranteed service time R, the responsiveness of this
PSC can be defined by considering the worst case, that is,

R = m}le{Rk} (6)

where R is the maximum guaranteed service time of the last
echelon of PSC. As shown in Figure 2, a PSC with long
maximum guaranteed service time in the last echelon (R)
implies that its responsiveness is low, and vice versa. We
should also note that instead of using the maximum values in
(6), that is, infinity norm, one could also use a weighted
average value.

Compared to other measures for PSC responsiveness, such
as lead time or ELT, this measure is more straightforward to
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Figure 3. Network structure and processing times of the illustrative example.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

apply in PSCs, while still being able to capture the multi-
echelon inventory structure of most of PSCs, and taking into
account uncertain market demands. A comparison between
the proposed measure for PSC responsiveness, maximum
guaranteed service time of the markets (MGSTM), and the
one used in our previous work,5 ELT, is illustrated in the
following example.

Illustrative example: Comparison of different measures
of PSC responsiveness

In this example, we consider a PSC with fixed design
including one plant, two DCs, and two markets as shown in
Figure 3. The processing times of the plants, including resi-
dence time, material handling time, and review period is 2
days. The two DCs and the two markets all have the same
processing time equal to 1 day. The transportation time from
the plant to DC1 is 2 days, and 3 days from the plant to
DC2. It takes 2 days to ship from DCI to Marketl, and 1
day to ship from DC2 to Market2. Each market has an
uncertain demand following a normal distribution with the
mean value y and standard deviation ¢ (Figure 4). To com-
pare the proposed responsiveness measure with those in our
previous works,** we consider only single echelon inventory
management in the PSC by assuming that only the DCs hold
safety stock, that is, the net lead times of the plant and mar-
kets are O when using the guaranteed service approach.

Let us first address the responsiveness issue of this PSC
using the guaranteed service approach. Because the net lead
time of the plant is assumed to be 0, the guaranteed service
time of the plant is equal to its processing time, 2 days. Let
us denote the net lead times of DC1 and DC2 as NLT; and
NLT,. The order processing time from the plant to DCl1
includes transportation from the plant to DC1 (2 days) plus
the processing time of DC1 (1 day), so it should be 3 days.
Thus, the guaranteed service time of DC1 equals to the guar-
anteed service time of the plant, 2 days, plus order process-
ing time, 3 days, minus the net lead time of DCI1, NLT;. In
this way, we can have the guaranteed service time of DCl1
equal to (5 — NLT)) days, where 0 < NLT; < 5. Similarly,
we could have the guaranteed service time of DC2 equal to
(6 — NLT,) days, where 0 < NLT, < 6. It is also easy to
derive that the order processing time of Marketl is 3 days
and the one for Market2 is 2 days. Given the guaranteed
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service times of these two DCs and the associated order
processing times from the DCs to the markets, we can have
the guaranteed service time of Marketl as R; = (5 — NLT;
+ 3) = (8 — NLT,) days and the guaranteed service time of
Market2 as R, = (6 — NLT, + 2) = (8§ — NLT,) days. On
the basis of the definition of PSC responsiveness introduced
in the previous section, we have the MGSTM of this
PSC as:

R = max{R|,R,} = max{8 — NLT;,8 — NLT,} (7)

where 0 < NLT; <5 and 0 < NLT, < 6. From this equation,
we can see that when both DCs hold sufficient safety stock to
ensure NLT; = 5 days and NLT, = 6 days, we have R, =
max{3, 2} = 3 days. As the safety stock level in a DC
decreases, the net lead time in this DC decreases quadratically
in terms of safety stock based on Eq. 4. If the safety stock
levels in both DCs decrease to 0O, the net lead times of these
two DCs are also 0, that is, NLT; = NLT, = 0. Thus, under
zero inventories we have R, = 8 days.

If we address this problem using the idea of worst case
lead time as introduced in our previous work,* we first need

-

Probability

Stockout

Demand

Safety Stock

Figure 4. Probability distribution of the uncertain
demands in the illustrative example.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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to decompose the PSC network into linear supply chains.
There are two linear supply chains, from the plant to DC1
and then to Marketl, and from the plant to DC2 and then to
Market2. It is easy to figure out that all the time delays
incurred in the first linear supply chain is 8 days, including
the processing times of the plant, DC1, and Marketl, as well
as the transportation time between them. Similarly, the total
time delay incurred in the second linear supply chain is 7
days. Thus, the worst lead time of the entire PSC is the lon-
gest lead time of all the linear supply chains included in the
PSC network, that is, LT = max{8, 7} = 8 days. We should
note that this measure is based on the assumption of deter-
ministic demand and zero inventory, thus 8 days correspond
to the worst case with zero safety stocks in the DCs and the
maximum guaranteed service time with NLT; = NLT, = 0
as shown in (7)

It we address this problem using the idea of ELT as intro-
duced in our previous work,” the first step is also to decom-
pose the PSC network into linear supply chains. There are
two linear supply chains, from the plant to DC1 and then
Marketl, and from the plant to DC2 and then to Market2.
As seen in Figure 3, in the first linear supply chain, the
delivery lead time (LD;) is 3 days, which includes the trans-
portation time from DC1 to Marketl and the processing time
of Marketl, and the DC replenishment lead time (LP;) is 5
days, which includes the processing times of the plant and
DCl1, as well as the transportation time from the plant to

T :max{(l —Pl) -LD; + P; -

From this equation, we can see that when both DCs hold
sufficient safety stock to ensure P; = 0 and P, = 0, we have
Tmin = max{3, 2} = 3 days (note that the stockout probability
would be sufficiently small and close to O if the safety stock
factor is large enough). As the safety stock level in a DC
decreases, the stockout probability in this DC increases based
on Eq. 8. When both DCs do not hold any safety stocks, that
is, P, = P, = 0.5, we have the maximum ELT of this PSC as
Thmax = max{3 +5 x 0.5,2 4+ 6 x 0.5} = 5.5 days.

From the above comparisons, we can draw the following
conclusions. When there are sufficient safety stocks in the
DCs, both MGSTM and ELT lead to the same minimum
value, 3 days. When the safety stock level decreases, both
MGSTM and ELT of a linear supply chain increases. When
all the DCs hold zero safety stocks, the MGSTM has the
maximum value, 8 days, which is the same as the worst case
lead time, but the ELT has a maximum value of 5.5 days.
The reason is that MGSTM accounts for the worst case in
its definition, and thus it corresponds to the worst case lead
time when all the DCs hold zero safety stocks. The ELT par-
tially accounts for the worst case, but it makes use of the
probability distribution of the uncertain demand and consid-
ers the “expected” value. As the stockout probability has a
lower bound of 0.5, the maximum value of ELT for this
PSC is less than MGSTM, although ELT also takes into
account the worst case lead time through the use of stockout
probability. We should note that both 8 days of MGSTM
and 5.5 days of ELT correspond to the same inventory level,
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DCI1. Similarly, we can derive that the delivery lead time of
the second linear supply chain (LD,) is 2 days, and its pro-
duction lead time (LP,) is 6 days. On the basis of the defini-
tion,” the ELT of a linear supply chain is equal to its deliv-
ery lead time plus the stockout probability times its produc-
tion lead time. Let us denote the stockout probability of
DCI1 as P; and the one of DC2 as P,. As shown in Figure 4,
the values of stockout probability P; and P, depend on the
safety stock levels and demand uncertainty. The more safety
stocks in a DC, the lower stockout probability is. For the
normal demand distribution, we have the stockout probabil-
ity given as follows:

(_) o[z

)= g [ e

where SS is the safety stock level in a DC and / is the safety
stock factor used in the guaranteed service approach. On the
basis of this equation, we can see that the stockout probability
can be very close to 0 when there is sufficient safety stock (if
the safety stock factor is sufficiently large), and the stockout
probability can be as high as 0.5 when there is no safety stock
in the DC. Thus, we have the ELT (7) of the PSC equal to the
maximum ELT of all the linear supply chains included in the
PSC, given as follows:

where ®(x 0<SS<i-0 (8)

},0§P1,P2S0-5 9

and the difference between the values (8 days vs. 5.5 days)
is due to the difference of measures, that is, “worst” case
time in MGSTM vs. “average” time in ELT.

All these measures for PSC responsiveness share some
similarities and have some differences. The major advantage
of using the MGSTM as the measure is that it captures the
interactions between different stages of a multi-echelon PSC
and the corresponding inventory system, whereas the use of
ELT is restricted to stochastic inventory in a single echelon.
In the following sections, we first define the problem
addressed in this article and then incorporate this measure
into a joint PSC design and inventory management model as
developed in our previous work.”"

Problem Statement

To illustrate the application of this new measure for PSC
responsiveness, we consider in this article the design and
stochastic inventory management of a three-echelon PSC as
in the example shown in Figure 5. The given potential PSC
consists of a set of plants (or suppliers), a number of candi-
date DCs, and a set of markets. The markets are fixed and
each of them has an uncorrelated normally distributed
demand with known mean and variance. The candidate DCs
are to be selected to install (and include in the PSC), and the
investment costs for installing DCs are expressed by a cost
function with fixed charges. The plants (or suppliers) are
existing, but their presence in the optimal PSC network
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Plants

Figure 5. Acetic acid supply chain network superstructure.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

depend on their assignments with DCs, that is, a plant (or
supplier) will not appear in the optimal PSC network if it
is not selected to serve any DCs. Single sourcing restric-
tion, which is common in industrial gases supply chains®’-*®
and specialty chemicals supply chains,?® is used for the
assignment between plants and DCs and between DCs and
markets. Linear transportation costs are considered for all
the shipments. The service times of plants (or suppliers),
and the deterministic processing times of DCs and markets
are given. Inventories, including safety stocks and pipeline
inventories, are hold at both the DCs and the markets, and
the unit inventory costs are given. A common review pe-
riod is used for inventory control throughout the PSC, and
the safety stock factors for DCs and markets are also
given.

The objective is to minimize the total installation costs
of DCs, and the transportation, and inventory costs, and to
maximize the responsiveness of the PSC, by deciding on
how many distribution centers (DCs) to install, where to
locate them, which plants to serve each DC, and which
DCs to serve each market. Furthermore, the decisions
also involve selecting the service time of each DC, and
the level of safety stock to be maintained at each DC and
market.

Bi-Criterion MINLP Model

The proposed PSC responsiveness measure can be readily
incorporated into the joint multi-echelon supply chain
design and inventory management model® to establish the
tradeoff between economic performance and responsiveness
of a PSC. The integrated model is a bi-criterion MINLP
that deals with the supply chain network design for a given
product, and considers its two-echelon inventory manage-
ment and PSC responsiveness. The definition of sets, pa-
rameters, and variables of the model are given in the Ap-
pendix. The model formulation denoted as (PO) is given as
follows:
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Min: S EY+ >SS AnXeZi+ > > BaZi

jel icl jel kek jel kek
—Q—quj\/lmﬁ-zqzk\/z; (10)
jeJ kekK kekK
Min: R (11)
S.t. ZXU = Yj, vj (12)
iel
Zy =1, Vk
27 (13)
Zi <Y, Vjk (14)
N; > 385Xy =S, Y (15)
icl
Li> 30 (Sj+124) - Zy — Re, VK (16)
jel
R >Ry, Vk (r7)
Xij7 Yjazjk S {07 1}7 Viaj: k (18)
§;>0, N0, Y (19)
Ly >0, Vk (20)
where
Sl'j = SI,‘ + llij

Ajie = (clyx + 015815) -

Bir = (g + 2y + 022i) - 1
qly = 21; - hl;

(]Zk = }.2]( . h2k O

(PO) is similar to the joint three-echelon supply chain
design and inventory management model reformulated by
You and Grossmann.?’ However, in this case, it corresponds

DOI 10.1002/aic 183



to a bi-criterion optimization problem where the new objec-
tive function (11) is added to minimize MGSTM, the new
constraint (17) is introduced to define the measure of PSC
responsiveness, and R, the maximum guaranteed service
time of market £, is treated as variables with upper bound R.
The economic objective function (10) is the annual cost of
the PSC design that accounts for the fixed and variable costs
of installing DCs, transportation costs from plants to DCs
and from DCs to markets, pipeline inventory costs in DCs
and markets, as well as safety stock costs in DCs and mar-
kets. Constraints (12—-14) define the PSC network structure,
and constraints (15) and (16) define the net lead times at the
DCs and markets.

Similar to our previous work,?® we can linearize®® the
bilinear terms (products of binary variables and continuous
variables, or products of two binary variables) and reformu-
late the model as problem (P1):

Min : Zf,Y, + Z Z ZAlfikXZIfik + Z ZBijjk

= iel jel kek Jel kK
+> gl /NZV; + > q2/Le (21)

= kek
Min: R a1

s.t. Constraints (12) — (15), (17) — (20)

Ly > Z SZjx + Z ti - Zix — Ry,Vk (22)
jeJ jel
XZig < Xy, Vi,j,k (23)
XZip < Zp, Vi,j,k (24)
XZip > Xy +Zp — 1, Vi,j.k (25)
SZy+SZ1y =S;, Vi k (26)
SZix < Zy - S, Vijk (27)
SZ1j < (1=Zp)-SY, Vjk (28)
NZj +NZly = N;, Vj,k (29)
NZj < Zy-NY, Vj.k (30)
NZly < (1=2Zy) -NY, Vjk @31
NZVi= 3 0; NZ, Vj (32)
kek
XZip >0, Vi,j.k (33)
NZV; >0, Vj (34)

S§Zy >0, SZly >0, NZy >0, NZl >0, Vj,k (35)

where constraints (23-32) are introduced for the exact
linearization. The bounds of the variables are given in the
constraints (36):

(36a)

]VJU = IIIIgX{SIZ + l,‘j} = I?éalx{gzj}v vj

S§ =N} = max{S;}, Vj (36b)
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LV = max{O, max{S¥ + 1} - Rk}, vj (36¢)
JE N

SZy =S, SZ1j =S/, Vjk (36d)

NZj =N/, NZIjj =N/, Vjk (36¢)

NZV{ =3 of -Nf, Vi (366)

kek

Thus, to balance the economics and responsiveness, we
have two objective functions to be minimized in (P1). One
is the annual total PSC design cost, and the other one is the
MGSTM. To obtain the Pareto-optimal curve for the bi-crite-
rion optimization problem, one of the objectives is treated as
an inequality with a fixed value for the bound which is con-
sidered as a parameter. There are two major approaches to
solve the problem in terms of this parameter. One is to sim-
ply solve it for a specified number of points to obtain an
approximation of the Pareto optimal curve (e-constraint
method).*'* The other one is to solve it as a parametric
programing problf:m,35’36 which yields the exact solution for
the Pareto optimal curve. Although the latter provides a rig-
orous solution approach, the former is easier to implement
for MINLP models. For this reason, we solve this multi-
objective optimization problem with the é-constraint method.

From the economic objective (10) and constraint (16) it is
easy to see that by increasing R, the total annual cost of
this PSC is reduced. Coupled with the responsiveness objec-
tive (11) and constraint (17), we can observe that (P0O) is
always feasible for any value of R,. Note that the lower
bound of the left hand side of constraint (16) is zero,
whereas the lower bound of the right hand side of this con-
straint is —R, which is a nonpositive value. Thus, the prob-
lem has an infinite number of optimal solutions in the con-
tinuous space. To be more specific, if Rf is the optimal solu-
tion and we have the optimal value of variable R as
R* = g}zg}({{R,’j}, by replacing the value of variables Ry, Vk €

K with R«, we have R* = max{Rz} = R} is also a feasible
Vkek

and optimal solution of the problem. Therefore, we can
always have an optimal solution with

R =max{R;} =Ry Vk (37)
This property suggests that we can fix the guaranteed serv-
ice times of all the markets (R;) to a certain value when
using the e-constraint method. In other words, objective (11)
and constraint (17) can be removed and variables R; can be
treated as parameters in the solution procedure. The lower
bound of R and all the R; can be easily determined to be 0.
To obtain their upper bounds, we consider a modified objec-
tive function as follows:

Min: Y Y+ Y > ApXZip+ > > BuZic

jel iel jeJ kek jel kek
+> qli/NZVi+ > q2/Li+&-R - (38)
jel kek

where ¢ is a scaling parameter with sufficient small value, for
instance, 0.001. By minimizing (38) subject to all the
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Table 1. Parameters for Demand Uncertainty for Illustrative
Example

Standard Deviation
g; (ton/day)

Mean Demand
; (ton/day)

Market1 250 150
Market2 180 75
Market3 150 80
Market4 160 45

constraints in (P1), we can determine the minimum upper
bound of variable R. Therefore, in the solution procedure, we
solve problem (P1) under different specifications of MGSTM
between 0 and its upper bound to obtain an approximation of
the Pareto optimal curve.

Acetic Acid Supply Chain Example

To illustrate the application of our model, we consider an
example taken from our previous work®® for an acetic acid
supply chain with three plants, three potential DCs, and mar-
kets as shown in Figure 5.

Multi-echelon inventory system

In this instance, the annual fixed installation cost (f}) is
$200,000/year for all the DCs. The variable cost coefficient
for installing a DC (g;) at any candidate location is $0.05/
(ton year). The safety stock factors for DCs (/1) and mar-
kets (42;) are the same and equal to 1.96, which corresponds
to 97.5% service level if the demands are normally distrib-
uted. We consider 365 days in a year (y). The guaranteed
service times of the three plants (SI;) are 3, 3, and 4 days,
respectively. The pipeline inventory holding cost is $0.5/(ton
day) for all the DCs (01;/y) and markets (02;/y), and the
safety stock holding cost is $1/(ton day) for all the DCs (h1,/
y) and markets (h2,/y). The data for demand uncertainty,
processing times, and transportation costs are given in
Tables 1-5. The models are coded in GAMS and solved
with the global optimizer BARON 8.1.5 on an IBM T40 lap-
top with Intel 1.50 GHz CPU and 512 MB RAM (please
refer to our previous work? for a comprehensive comparison
of computational performance of other MINLP solvers for
the model). The original model (PO) has 12 discrete varia-
bles, 22 continuous variables, and 27 constraints. The
MINLP model (P1) includes 24 binary variables, 185 contin-
uous variables, and 210 constraints.

We use the e-constraint method to obtain the Pareto opti-
mal curve and determine the tradeoff between the total an-
nual cost of the PSC design and its responsiveness, which is
measured by the maximum guaranteed service time of the
markets. The first step of the e-constraint method is to deter-

Table 2. Order Processing Time (¢1;) Between Plant and DC
(days), Including Material Handling Time, Transportation

Table 3. Order Processing Time (£2;,) Between DC and
Market (days), Including Material Handling Time,
Transportation Time, and Review Period, for
Illustrative Example

Marketl Market2 Market3 Market4
DCI 2 2 3 3
DC2 4 4 1 1
DC3 4 4 3 3

mine the optimal lower and upper bounds of MGSTM (R).
Its lower bound can be easily determined as 0, which means
that all the market demands are satisfied immediately. Its
upper bound’s minimum value can be obtained by minimiz-
ing (38) subject to all constraints in (P1). For this problem,
we obtain 12 days as the optimal upper bound of MGSTM.
After the lower and upper bounds of MGSTM are deter-
mined, we solve the problem with fixed values of R from 0
day to 12 days (e.g., 13 instances with increments of 1 day).
Solving the original model (PO) with 0% optimality margin
takes a total of 7101.51 CPU seconds for all the 13 instan-
ces. When we solve the reformulated model (P1) by mini-
mizing (21), the 13 instances require only 86.89 CPU sec-
onds and the optimal solutions are the same as what we
obtained by solving model (P0).

The results are given in Figures 6 and 7, as well as in
Tables 6 and 7. The line in Figure 6 is the Pareto optimal
curve of this problem. As can be seen, the cost ranges from
$1,721,685 to $2,519,886, whereas the guaranteed service
time (R) ranges from O days to 12 days. We can see that the
total cost decreases as the MGSTM increases. As the
MGSTM is a measure of PSC responsiveness, we can con-
clude that the more responsive the PSC is, the more cost it
requires. The columns in Figure 6 show the total safety
stocks in the system under different specifications of
MGSTM. As the MGSTM increases, the total safety stocks
in this PSC decrease from 2187 tons to 0. However, the
safety stock levels do not strictly decrease as MGSTM
increases, but have a “valley” when MGSTM equal to 8
and 9 days. This is due to the change of supply chain net-
work structure and inventory allocation decisions between
DCs and markets.

Figure 7 shows the change of the optimal network struc-
tures under different specifications of MGSTM. We can see
that the optimal network structures for most cases are
the same as shown in Figure 7a. When MGSTM is equal to
8, 9, and 11 days, the optimal network structures are differ-
ent from the “common” one, and they are given in Figures
7b—d, respectively. In Figures 7a, d, only one DC is installed
and serves all the markets. This is due to the ‘“‘risk pooling”
effect, which tries to group markets to be served by one DC
so as to reduce the total safety stocks. In Figures 7b, c there

Table 4. Unit Transportation Cost (c1;) from Plants to DCs

Time, and Review Period, for Illustrative Example ($/ton)
DCI1 DC2 DC3 DC1 DC2 DC3
Plant1 4 4 2 Plant1 1.8 1.6 2.0
Plant2 2 4 3 Plant2 2.4 2.2 1.3
Plant3 3 4 4 Plant3 2.0 1.3 2.5
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Table 5. Unit Transportation Cost (c2;) from DCs to
Markets ($/ton)

Market1 Market2 Market3 Market4
DC1 1.0 33 4.0 7.4
DC2 1.0 0.5 0.1 2.0
DC3 7.7 7.3 5.1 0.1

is one more DC installed that leads to higher DC installation
costs, but presumably reduces the total transportation and in-
ventory costs. This reveals the tradeoff between transporta-
tion cost, inventory cost, and facility location cost, and sug-
gests that changing network structure may be more effective
to improve the PSC responsiveness compared to holding
safety stock. A similar conclusion is also presented in our
previous work,’ although in that case safety stock levels
always decrease as the PSC responsiveness decreases due to
the single echelon inventory model used in that model.
When the MGSTM increases from 9 days to 10 days, the
optimal number of DCs reduces from two to one, and the
network structure ‘“‘returns” to the one shown in Figure 7a.
This is also presumably due to the tradeoff between the sev-
eral cost items as discussed above. When the MGSTM
increases to 11 and 12 days, the optimal safety stocks in the
systems reduce to zero (as in Figure 6), and the two optimal
network structures have the same distribution network, but
different production plants. The reason is that Plantl has a
shorter guaranteed service time (3 days) than Plant3 (4
days), but higher unit transportation cost (as in Table 4)

aEa

740 ton/da,

&

Plants Distribution centers

(a)

250 ton/da, E@
490 ton/day @

250 tovday

180 ton/day

150 ton/day

ro

160 tonvday

Plants Distribution centers

(b)

2500 - 52.60

[ Total Safety Stock
—4—Total Cost
2000 1 S2.40
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2 e
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& 1000 $2.00
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g
500 1 SL80
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Figure 6. Pareto optimal curve and optimal safety
stock levels for the acetic acid supply chain
example.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

from the plant to DC 2. To reduce the overall transportation,
inventory and supply chain design cost, it is optimal to
include Plant3 instead of Plantl in the supply chain network
when MGSTM is 12 days. Note that these existing plants are
considered to be acting as suppliers, which can be added or
removed from the supply chain network at no additional
instillation costs, although the transportation cost from plants
to DCs are taken into account.

250 ton/day @
p _ 2S8tonidey
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(©)
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Figure 7. Optimal acetic acid supply chain network structure under different MGSTM (multi-echelon inventory

case).

(a) Optimal network for MGSTM is 0-7 or 10, 12 days. (b) Optimal network for MGSTM is 8 days. (c) Optimal network for MGSTM
is 9 days. (d) Optimal network for MGSTM is 11 days. [Color figure can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]
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Table 6. Optimal Net Lead Times (days) of DCs and Markets Under Different Specifications of Maximum Guarantee Service
Time of Markets for the Illustrative Example with Multi-Echelon Inventory Systems

MGSTM DCI (days) DC2 (days) DC3 (days) Market1 (days) Market2 (days) Market3 (days) Market4 (days)
0 day - 8 - 4 4 1 1
1 day - 8 - 3 3 0 0
2 days - 8 - 2 2 0 0
3 days - 8 - 1 1 0 0
4 days - 8 - 0 0 0 0
5 days - 7 - 0 0 0 0
6 days - 6 - 0 0 0 0
7 days - 5 - 0 0 0 0
8 days 0 0 - 0 3 0 0
9 days 0 0 - 0 3 0 0
10 days - 2 - 0 0 0 0
11 days - 0 - 0 0 0 0
12 days - 0 - 0 0 0 0

Tables 6 and 7 show the change of optimal net lead times
and optimal safety stock levels in the DCs and markets
under different specifications of the maximum guaranteed
service time to the markets (MGSTM). It is interesting to
note that the optimal net lead times of DCs and markets are
at integer values, although they are not restricted to be inte-
gers in the optimization model. In the most “responsive”
case, both DCs and markets hold maximum safety stock to
guarantee the MGSTM equal to zero. As the MGSTM
increases, the safety stock levels and net lead times in the
markets decrease, whereas the safety stock levels and net
lead times in the DCs remain unchanged until the safety
stocks in markets deplete. This trend shows that holding
safety stocks in the DCs (upstream) is more efficient to
increase PSC responsiveness than holding safety stocks in
the markets (downstream). When the MGSTM is between 5
days and 8 days, no market holds inventory and the safety
stocks in the DCs decrease as the MGSTM increases. When
the MGSTM increases to 8 and 9 days, the safety stocks are
shifted from the DCs to the Markets. The change of inven-
tory allocation decision is presumably due to the change of
the PSC network structure as given in Figures 7b, ¢, and
leads to the “valley” in the inventory profile as in Figure 6.
When the MGSTM increases from 9 days to 10 days, we
can see that the safety stocks “return” to the DCs and this
change further reduces the total cost but almost double the
total safety stocks. These interesting changes of inventory
allocation and the associated network structure are due to

the fact that we consider the two-echelon inventory (DCs
and markets).

Although this is a small example, the proposed approach
for PSC responsiveness can easily be applied to large scale
PSCs design problems by using the tailored algorithm pre-
sented in our previous work.?® In the Appendix, we present
the data and results of a large scale instance with 10 plants,
50 potential DCs, and 100 markets, by solving the MINLP
model with the Lagrangean relaxation and decomposition
algorithm as discussed in our previous work.?’

Single-echelon inventory system

To illustrate the similarities and differences of the two
measures of PSC responsiveness, MGSTM and ELT,” we
consider a special case that only DCs of the acetic acid sup-
ply chain can hold safety stocks, that is, single echelon in-
ventory.

To model and optimize the system with the guaranteed
service approach, we need to make a few minor changes in
model (P1). By fixing the values of the net lead times in the
markets to zero in model (P1), that is, L; = 0, Vk, model
(P1) reduces to the PSC design problem with single echelon
inventory, as the markets are not allowed to hold safety
stocks due to their zero net lead times. Because of the
change of the inventory structure, the optimal lower and
upper bounds of the MGSTM may change. Thus, to obtain
the optimal lower bound we solve an optimization problem

Table 7. Optimal Safety Stock Levels (tons) of DCs and Markets Under Different Specifications of Maximum Guarantee
Service Time of Markets for the Illustrative Example with Multi-Echelon Inventory Systems

MGSTM DCI1 (tons) DC2 (tons) DC3 (tons) Marketl1 (tons) Market2 (tons) Market3 (tons) Market4 (tons)
0 day - 1059.85 - 588.00 294.00 156.80 88.20

1 day - 1059.85 - 509.22 254.61 0 0

2 days - 1059.85 - 415.78 207.89 0 0

3 days - 1059.85 - 294.00 147.00 0 0

4 days - 1059.85 - 0 0 0 0

5 days - 991.40 - 0 0 0 0

6 days - 917.86 - 0 0 0 0

7 days - 837.89 - 0 0 0 0

8 days 0 0 - 0 254.61 0 0

9 days 0 0 - 0 254.61 0 0

10 days - 529.93 - 0 0 0 0

11 days - 0 - 0 0 0 0

12 days - 0 - 0 0 0 0
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Figure 8. Pareto optimal curve for the acetic acid sup-
ply chain with single-echelon inventory for
ELT and MGSTM.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

by minimizing (11) subject to all the constraints in model
(P1), and to obtain the optimal upper bound we solve a
problem by minimizing (38) subject to all the constraints in
model (P1).

Using ELT as the responsiveness measure for PSC design
problem leads to another MINLP model (Q1), the detailed
formulation of which is given in the Appendix. The major
difference between this model and the one introduced in our
previous work® is that the standardized normal variables o,
are restricted to be not greater than the safety stock factor
A1;, so as to be consistent to the data used in the guaranteed
service time approach. Besides, the risk-pooling effect is
also taken into account in this model.

We solve these problems using the same computer
described in the previous section. All the instances are
solved with the global optimizer LINDOGIlobal in the
GAMS modeling system, since BARON does not support
the error function included in model (Q1).

For the guaranteed service time case, the resulting optimal
lower bound of MGSTM is 2 days, and the optimal upper
bound is 12 days. Then, we fix the value of R to integer values
from 2 days to 12 days, and solve these 11 instances by mini-
mizing (21) subject to all the constraints of (P1). The 11 instan-
ces require 228 CPU seconds. When using the ELT as the mea-
sure of responsiveness, the resulting optimal lower and upper
bounds of the ELT are 2.125 days and 8 days, respectively. We
then fix the value of 7 to 11 evenly distributed points ranging
from 2.125 days to 8 days, and solve these 11 instances by min-
imizing (38) subject to all the constraints of (Q1). The 11
instances require a total of 248 CPU seconds. The resulting Par-
eto-optimal curves, optimal safety stock levels, and optimal
PSC network structure under different specifications of
MGSTM (R) and ELT (T) are given in Figures 8—11.

Figure 8 shows the Pareto optimal curves for this PSC
with single-echelon inventory using two different measures
for responsiveness. In the Pareto curve for guaranteed serv-
ice approach, the total cost ranges from $ 1.72 MM to $
2.41 MM, while the MGSTM (R) ranges from 2 days to 12
days. We can see that total cost decreases as MGSTM
increase. The trade-off shows that the more responsive the
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Figure 9. Total safety stock levels for the acetic acid
supply chain with single-echelon inventory
under the two measures for PSC responsive-
ness, ELT, and MGSTM.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

PSC is, the more cost is required in the PSC design. In par-
ticular, the total cost decreases significantly when MGSTM
increases from 3 days to 4 days and from 10 days to 11
days, because the optimal PSC network structure changes
(see Figure 11) at these points of the Pareto curve.

In the Pareto curve for measuring responsiveness with
ELT, the total cost ranges from $ 1.72 MM to $ 2.35 MM,
whereas the ELT ranges from 2.125 days to 8 days. We can
see a similar trend as in the other curve that the total cost
decreases as the ELT increases. By comparing these two
curves, we can see the one using guaranteed service
approach lies above the curve from the ELT. The reason is
that guaranteed service approach is a worst case criterion to
measure the response time, whereas ELT is a “weighted”
measure that considers both the case of over-stock and the
case of stockout. Thus, under the same total cost, the
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Figure 10. Safety stock levels at DCs for the acetic
acid supply chain with single-echelon inven-
tory under the two measures for PSC
responsiveness, ELT, and MGSTM.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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Figure 11. Optimal acetic acid supply chain network
structure (with single-echelon inventory) under
different specifications of MGSTM and ELT.

(a) Optimal network for MGSTM = 2, 3 days, ELT =
2.125, 2.713, 3.300, 3.888, 4.475 days. (b) Optimal net-
work for MGSTM = 4-10, 12 days, ELT = 5.062, 5.650,
6.237, 6.825, 7.413, 8 days. (c) Optimal network structure
for MGSTM = 11 days. [Color figure can be viewed in
the online issue, which is available at wileyonlinelibrary.
com.]

MGSTM usually has a larger value than the ELT. Note that
the results are consistent with the observations discussed in
Section “Illustrative Example: Comparison of Different
Measures of PSC Responsiveness” where we consider a
PSC with fixed design. For the extreme values of these two
curves, we can see that both curves have the same minimum
cost solution, which corresponds to the case of holding zero
safety stock in all the DCs, although the corresponding
MGSTM is 12 days whereas the ELT is 8 days. The lower
bound of the MGSTM is 2 days, which corresponds to the
maximum delivery lead time in the ELT approach. However,
the lower bound of the ELT is not 2 days but 2.125 days,
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because the stockout probability is always greater than 2.5%
due to the “bounded” safety stock factor corresponding to
97.5% service level. It is interesting to see that in the most ““re-
sponsive” case (R = 2 days and T = 2.125 days), these two
curves have different total costs, although the optimal network
structures are the same (Figure 11). The reason can be found
from Figure 10. We can see that DC1 has the same optimal
safety stocks in these two instances, whereas safety stocks
in DC2 are higher in the case of using the guaranteed serv-
ice. This is because both measures somewhat consider the
“worst case.” DC1 is included in the linear supply chain or
serves those markets that have dominant effect of the maxi-
mum values of R and 7. Thus, once DC1 holds the maxi-
mum safety stocks to allow MGSTM and ELT reach their
minimum, DC2 gains certain flexibility to hold lower safety
stock than its maximum level, while still keeping the
MGSTM and ELT unchanged. The differences between
these two measures allow DC2 to have different levels of
flexibility to reduce its safety stocks and the associated total
costs. Therefore, these two Pareto optimal curves have dif-
ferent maximum total costs.

Figure 9 shows the change of total safety stock level in
the PSC under two measures of responsiveness. We can see
that when the ELT is used as the responsiveness measure,
the total safety stock level increases significantly when the
ELT increases from 4.475 days to 5.062 days. The reason is
that the optimal network structure changes with a reduction
of the number of DCs from two to one as the ELT increases.
This further reveals the trade-off between DC installation
cost, transportation cost, and safety stock cost. The detailed
safety stock levels in each DC using these two measures of
responsiveness are given in Figure 10, whereas the optimal
network structures under different specifications of respon-
siveness are given in Figure 11.

The comparison shows that these two measures of PSC
responsiveness, MGSTM and ELT, are inherently consistent.
The proposed new measure, MGSTM, represents the ““worst
case,” but it has the advantage that it can be applied to
PSCs with multi-echelon structure of the inventory system
leading to more accurate results.

Conclusion

In this article, we have proposed a new measure for PSC
responsiveness based on the concept of guaranteed service
approach that allows modeling the multi-echelon stochastic
inventory system of a PSC. This measure is incorporated
into a joint PSC network design and inventory control model
to tradeoff annualized PSC cost and responsiveness within a
bi-criterion optimization approach. Some special model prop-
erties of the bi-criterion MINLP optimization model were
exploited to speed up the solution for the Pareto-optimal sol-
utions. An illustrative example on an acetic acid supply
chain was presented to illustrate the application of the pro-
posed approach and models. In addition, comprehensive
comparisons between the proposed measure and the ELT,
which is another measure for PSC responsiveness focus on
the single-stage inventory system, were presented. The ana-
lytical results show that these two measures are consistent,
although the proposed measure has the advantage that it can
be applied to multi-echelon inventory systems.
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Notation
Sets/Indices
I = set of plants (suppliers) indexed by i
J = set of candidate DC locations indexed by j
K = set of markets indexed by k
Parameters
cl;; = unit transportation cost from plant i to DC j

B

C

¢2j; = unit transportation cost from DC j to market k
f; = fixed cost of installing a DC at candidate location j (annually)
g; = variable cost coefficient of installing candidate DC j (annually)
hl; = unit inventory holding cost at DC j (annually)
h2; = unit inventory holding cost at market & (annually)
R, = maximum guaranteed service time of market k
SI; = guaranteed service time of plant i
t1;; = processing time of DC j if it is served by plant i, including
material handling time of DC j, transportation time from plant
i to DC j, and inventory review period
12 = processing time of market k if it is served by DC j, including
material handling time of DC j, transportation time from DC j
to market &, and inventory review period
1 = mean demand at market £ (daily)
o; = variance of demand at market & (daily)
7 = days per year (to convert daily demand and variance values to
annual costs)
unit cost of pipeline inventory from plant i to DC j (annually)
2 = unit cost of pipeline inventory from DC j to market k (annually)

41; = safety stock factor of DC j
A2, = safety stock factor of market &
inary variables (0-1)

X;; = 1if DC j is served by plant i, and 0 otherwise
Y; = 1 if we install a DC in candidate site j, and O otherwise
Zy = 1 if market & is served by DC j, and 0 otherwise

ontinuous variables (0 to o)

L; = net lead time of market k
N; = net lead time of DC j
R, = guaranteed service time of market k
R = maximum guaranteed service time of markets (measure of
responsiveness)
§; = guaranteed service time of DC j to its successive markets
T = ELT of the PSC network (measure of responsiveness)

SS; = safety stock level at DC j

U; = replenishment lead time of DC j

¢; = standardized normal variable of DC j
P; = stockout probability of DC j

XZ; = auxiliary variable
NZV; = auxiliary variable
SZj. = auxiliary variable
§Z1j = auxiliary variable
NZj. = auxiliary variable
NZ1j = auxiliary variable
UZ;. = auxiliary variable
UZ1j, = auxiliary variable
PX;; = auxiliary variable
PX1;; = auxiliary variable
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Appendix: Large-Scale Example for PSC Design
with Multi-Echelon Inventory Using MGSTM as
Responsiveness Measure

We consider a large-scale acetic acid supply chain example
with 10 plants, 50 potential DCs, and 100 markets. The
MGSTM is used as the measure of supply chain responsiveness.

The input data of this example is given as follows. The
safety stock factors for DCs (1) and markets (42;) are the
same and equal to 1.96, which corresponds to 97.5% service
level in demand is normally distributed. We consider 365
days in a year (y). The guaranteed service time of the last ech-
elon customer demand zones (R;) are set to 0. The annual
fixed costs ($/year) to install the DCs (f;) are generated uni-
formly on U[150,000, 160,000] and the variable cost coeffi-
cient (g;, $/ton year) are generated uniformly on U[0.01, 0.1].
The guaranteed service times of the plants (SI;, days) are set
as integers uniformly distributed on U[7, 10]. The order proc-
essing time (t1;;, days) between plants and DCs are generated
as integers uniformly distributed on U[3, 7], and the order
processing time (#2;, days) between DCs and customer
demand zones are generated as integers uniformly distributed
on U[2, 5]. The unit transportation cost from plants to DCs
(c1;, $/ton) and from DCs to customer demand zones (c2j, $/
ton) are set to cl; = t1; x U[0.05, 0.1] and ¢2; = 2 X
U[0.05, 0.1]. The expected demand (u;, ton/day) is generated
uniformly distributed on U[75, 150] and its standard deviation
(0;, ton/day) is generated uniformly distributed on U[0, 50].
The daily unit pipeline and safety stock inventory holding
costs (01;/y, 02/, h1;/y, and h2,/y) are generated uniformly
distributed on U[0.1, 1].

The resulting MINLP problem includes 5550 binary varia-
bles, 75,250 continuous variables, and 185,350 constraints.
Solving this problem directly with a global optimizer is a
nontrivial task. To address the computational challenge, we
use the Lagrangean relaxation and decomposition algorithm
as discussed in our previous work,?® and integrate it with the
e-constraint method to obtain the Pareto optimal curve and
determine the tradeoff between the total annual cost of the
PSC design and its responsiveness. The first step of the e-
constraint method is to determine the optimal lower and
upper bounds of MGSTM (R), which are 0 days and 18
days, respectively. Then, we solve the problem with fixed
values of R from 0 day to 18days (e.g., 19 instances with
increments of 1 day). Solving the model (P1) takes a total of
479,563 CPU seconds for all the 19 instances.

The results are given in Figure Al. The red line in Figure
Al is the Pareto optimal curve of this problem. As can be
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Figure A1. Pareto optimal curve and optimal safety
stock levels for the large-scale acetic acid
supply chain example with 10 plants, 50
DCs, and 100 markets in Appendix A.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

seen, the cost ranges from $73,752,953 to $63,028,935,
whereas the guaranteed service time (R) ranges from 0 days
to 18 days. We can see that the total cost decreases as the
MGSTM increases. Thus, the more responsive the PSC is,
the more cost it requires. Because of the integer variables
and nonconvex terms, there are duality gaps by solving the
problems with the Lagrangean relaxation and decomposition
algorithm, and these gaps are reflected on the error bars in
the Pareto optimal curve. We can see that these gaps are
rather small and do not affect the trend of the Pareto optimal
curve. The columns in Figure Al show the total safety
stocks in the system under different specifications of
MGSTM. As the MGSTM increases, the total safety stocks
in this PSC decrease from 6,302,893 tons to 0. It shows that
the more inventories we have, the more responsive the PSC
is.

Model Formulation for PSC Design with
Single-Echelon Inventory Using ELT
as Responsiveness Measure

Using ELT as the measure for PSC responsiveness for the

design of the acetic acid supply chain leads to the following
MINLP model (Q1):

min : Z]jYJ + Z Z ZAszsz/k

jel iel jel kek
+Y 0D BiZi+ Y h1SS; (Al
jel kek jel
Min: T (A2)
s.L. > Xj=Y;, Vj (12)
iel
S Zyp =1, Vk
&4 (13)
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U= g (St +115) - Xy, V) (A3)
882 ¢, |3 0k Ui Zy), i (A4)
P> 1-0(p), Y (A5)
T>S; Xy P+ 12 Zi, Vijk (A6)
XY, Zy € {0,1}, Vi,jk (18)
88> 0,U;>0 (A7)

0<P <1, 0<g <Al; Y (A8)

where
Ajje = (clyy + 0161 ) -

B = (gx + 2y + 022 - iy,

o= [ oL

The objective function (Al) represents the total annual
cost of the PSC design. The first term in (Al) is the annual
DC installation cost, the second and the third terms are the
total annual transportation and pipeline inventory cost, and
the annual total safety stock cost in the DCs is given by the
fourth term, where SS; is the safety stock level in DC j. The
objective function (A2) is to minimize the total ELT of the
entire PSC (7). U; is the replenishment lead time of DC j,
and constraint (A3) defines its value. The variance of the
demand over the replenishment lead time of DC j is given
by > (af -U; ~Z_,~k), which takes into account the risk-pool-

kek

ing effect.’” Constraint (A4) shows that safety stock level
(SS)) at DC j is equal to the standard deviation of its demand
over the lead time times the standardized normal variables
¢, which is further used to define the stockout probability
(P;) in constraint (A5). In addition, constraint (46) restricts
the standardized normal variables ¢, to be non-negative and

not greater than the safety stock factor 41;, so as to be con-
sistent with the data used in the guaranteed service
approach.

Note that we can similarly linearize®® the bilinear terms
(products of binary variables and continuous variables, U; -
Zy and P; - X;;) with new variables UZj; and PX;; using the
following linear inequalities:

UZj + UZ1y = U;, Vj,k (A9a)
UZy < Zy - U/, Vj,k (A9b)
UZly < (1= 2Zy)-UY, Vjk (A9c)
UZy >0, UZlp >0 Vjk (A9d)
PX;+ PX1; =P;, Vi,j (A10a)
PX; <Xy, Vi,j (A10b)

PX1; <1-Xy, Vij (A10c)
PX; >0, PX1;>0 VYij (A10d)

To obtain the optimal lower bound of the ELT (7), we
solve problem (Q1) by minimizing (A2). Similarly, to obtain
the optimal upper bound, we consider a new objective
function:

Min : ijYj + Z Z ZAiijiijk + Z ZBijjk

jel icl jel kek jel kek

+> hSSj e T
jel

(A1)

where ¢ is a scaling parameter with sufficient small value,
for instance, 0.001. By minimizing (Al1l) subject to all the
constraints in (Q1), we can determine the minimum upper
bound of the ELT (7).
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